e L S =Bk =2
Logics of (In)sane and (Un)reliable beliefs

A
FRHGEE 2
SHESEE PN PN o

jiefan@ucas.ac.cn

2021 F 4 FE A PSS
M K2 202197 A9 H-11 H

jiefan@ucas.ac.cn| KT 1B 45 7i Logics of (In)sane and (Un)reliable belie


mailto:jiefan@ucas.ac.cn
jiefan@ucas.ac.cn
mailto:jiefan@ucas.ac.cn
jiefan@ucas.ac.cn

Q NUME &Mtk

©Q SR LT HIR R RILTINLL
© XTUREE IR FR: X275
Q Famdls

© Fb unification 1%

A PR E iefan@ucas.ac.cn KT 481 ¥ Logics of (In)sane and (Un)reliable belie


mailto:jiefan@ucas.ac.cn
jiefan@ucas.ac.cn

Q VIR EERHIk

jiefanQucas.ac.cn KT &M 4 i Logics of (In)sane and (Un)reliable belie


mailto:jiefan@ucas.ac.cn
jiefan@ucas.ac.cn

jiefan@ucas.ac.cn KT t gics of (In)sane and (Un)reliable belie


mailto:jiefan@ucas.ac.cn
jiefan@ucas.ac.cn

jiefan@ucas.ac.cn

@ Raymond M. Smullyan in 2008
(RSB 220

e 1919 4F 5 A 25 H—2017 4E 2
He6H

o EEM¥R., ¥R, ¥
Ko BRI, WEXR. EX

@ What is the name of this book?

ESNIES B4 7t Logics of (In)sane and (Un)reliable belie


mailto:jiefan@ucas.ac.cn
jiefan@ucas.ac.cn

Raymond M. Smullyan in 2008
(FHE B E %)

1919 4£ 5 H 25 H —2017 4 2

He6H

EEHC AR, BEER B

K BN WER, ER

What is the name of this book?

The Lady or the Tiger?

iefan@ucas.ac.cn

41 ¥ Logics of (In)sane and (Un)reliable belie


mailto:jiefan@ucas.ac.cn
jiefan@ucas.ac.cn

[t unification 7

Introduction: M Smullyan FF4H14

TS AN
EEOSRTH, B o
| PEAY
W et
| ’ Wi TIRED
| 4
\ ;m*iﬁagﬁiﬁtﬁﬁﬁmﬁzwfw LIE iy
g | mgmniﬁ)\ﬁ“ FER %”;U\Wm iy, A
| g, MIESAEMTRRALR T kT4 ﬁ N P
i RARAA i oy
R ER TR B A 4‘*&@; e
LHRREHEHLN, 7 A5k W%’&S%mkai* , \
Mﬁwﬁf R ERER A2 i i

WM#EE%EE%@
BRHERREEMNE. HEHE AT
E\wmwuwmaﬁ ﬁ
AR, ANty
ARERERBRWER, TRfAIBMH 4, iR

Tt

ﬁnﬂm N

[%] W - WHEZ (Raymond Smullyan ) OF WUBOF

THE LADY OR THE TIGER?
AND OTHER LOGIC PUZZLES

I e YN
ESNUES J??ﬁﬁ%Logics of (In)sane and (Un)reliable belie



mailto:jiefan@ucas.ac.cn
jiefan@ucas.ac.cn

[t unification 7

Introduction: M Smullyan FF4H14

TS AN
EEOSRTH, B o
| PSEAl
W ot
| ’ Wi TIED
| 4
\ ;m*iﬁagﬁiﬁtﬁﬁﬁmﬁzwfw R iy
g | mgmniﬁ)\ﬁ“ FER %”;U\Wm iy, A
| g, MIESAEMTRRALR T kT ﬁ N Py
i RARAA i oy
g ER TR B A 4‘*&@; e
LRREHERHLS, 7 A4 W%’&S%mkai* . \
Mﬁwﬁf R LR 2 i i

WM#EE%EE%@
ERHEREEMNE. HEHEATE
WMWUWM% ﬁ
AR, RNy
ARERERBRWER, TfAIBMH 4, iR

Tt

ﬁnﬂm N

[%] W - WHEZ (Raymond Smullyan ) OF WUBOF

THE LADY OR THE TIGER?
AND OTHER LOGIC PUZZLES

L5500z
ESHUES J??ﬁﬁ%Logics of (In)sane and (Un)reliable belie



mailto:jiefan@ucas.ac.cn
jiefan@ucas.ac.cn

“HI, WERLGARRE T LAV EM LG, HELER
Meg A 124 L2 T X B EHME, L2, A
HoAT Jm A Fg FL0G oy RAAR & A AL, dfA1dm LA A AR GG o
A RAR G A, AP EBEELE A G BT A 42 A LN AR A2
TAREHG, WA, FTAAAE AR B & LA
A BGA, MACVE AN A4y AR AR o AL, 7

JeA PR T E R ijiefanucas.ac.cn K43 P24 7t Logics of (In)sane and (Un)reliable belie


mailto:jiefan@ucas.ac.cn
jiefan@ucas.ac.cn

“Hob, AMERAGARET A ERLNY, BELEML
e A Za LA R R X8 B4, LWk 23H, A
HATY S A Fy BB o AR AR A B AR, AT S VA AR B 4
AR AR A, AP EREELE ARG BT A S A LR AR
TANEHG, WHABL, FTA A AN R &4

ARG, WAAE VAR AW AR RAB A, 7

22 [ A ijiefan@ucas.ac.cn RT3 1451 5i Logics of (In)sane and (Un)reliable belie


mailto:jiefan@ucas.ac.cn
jiefan@ucas.ac.cn

PR

=]

©30

The Asylum of
Doctor Tarr and
Professor Fether

Inspector Craig of Scotland Yard was called over to France
to investigate eleven insane asylums where it was suspected
that something was wrong. In each of these asylums, the only
inhabitants were patients and doctors—the doctors consti-
tuted the entire staff. Each inhabitant of each asylum, patient
or doctor, was either sane or insane. Moreover, the sane ones
were totally sane and a hundred percent accurate in all their
beliefs; all true propositions they knew to be true and all false
propositions they knew to be false. The insane ones were to-
tally inaccurate in their beliefs; all true propositions they be-
lieved to be false and all false propositions they believed to
be true. It is to be assumed also that all the inhabitants were
always honest—whatever they said, they really believed.

1+ The First Asylum

In the first asylum Craig visited, he spoke separately to two
inhabitants whose last names were Jones and Smith.

“Tell me,” Craig asked Jones, “what do you know about
Mr. Smith?”
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“.. Moreover, the sane ones were totally sane and a

hundred percent accurate in all their beliefs; all true
propositions they knew to be true and all false
propositions they knew to be false. The insane ones were
totally inaccurate in their beliefs; all true propositions
they believed to be false and all false propositions they
believed to be true. ...” (R. M. Smullyan, The Lady or
the Tiger?, 1982, p. 29)
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“.. Moreover, the sane ones were totally sane and a

hundred percent accurate in all their beliefs; all true
propositions they knew to be true and all false
propositions they knew to be false. The insane ones were
totally inaccurate in their beliefs; all true propositions
they believed to be false and all false propositions they
believed to be true. ...” (R. M. Smullyan, The Lady or
the Tiger?, 1982, p. 29)

all true propositions they knew to be true.
all false propositions they knew to be false.
all true propositions they believed to be false.

all false propositions they believed to be true.
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la. All true propositions they knew to be true.
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la. All true propositions they knew to be true.

1b. All true propositions they knew to be true were things they

had learned at school.
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. All true propositions they knew to be true.

. All true propositions they knew to be true were things they

had learned at school.

Every small dog, Harry likes.
Every small dog Harry likes, he pats.
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1a.
1b.

2a.
2b.

2a.
2b.

All true propositions they knew to be true.

All true propositions they knew to be true were things they

had learned at school.

Every small dog, Harry likes.
Every small dog Harry likes, he pats.

Every small dog (is something that) Harry likes.
Every small dog (that) Harry likes (is a thing) he pats.
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1a.
1b.

2a.
2b.

2a.
2b.

1a.

1b.

All true propositions they knew to be true.

All true propositions they knew to be true were things they

had learned at school.

Every small dog, Harry likes.
Every small dog Harry likes, he pats.

Every small dog (is something that) Harry likes.
Every small dog (that) Harry likes (is a thing) he pats.

All true propositions (are something that) they knew to be
true. &85 LF3C: ... believed . ...

All true propositions (that) they knew to be true were things
they had learned at school.
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https://math.stackexchange.com/questions/1802666/

a-logic-riddle-from-the-lady-or-the-tiger-by-raymondsmullyan

Just to clarify, Case 3 and Case 4 must have flawed reasoning in order to reconeile my
proof with the author's.

Thave been having a problem with a particular riddle from Raymond Smullyan and I can't seem to
reconcile my proof with his solution. I am more inclined to think I am wrong, but to myself my
proof looks quite convineing. Maybe you'll be able to point out the flaw in my logic.

Background: There are natives on the Isle of Questioners that are either of Type A or Type B.
People of Type A may only ask questions to which the correct answer is "Yes" such as "Does 2 + 2 =
4?2". People of Type B may only ask questions to which the correct answer is "No" such as "Does 2 +
2 =5?". Furthermore there are people who have wandered onto the island who are either sane or

‘eople who are sane are completely sane and believe all true things, they will always answer

honestly and accurately. People who are insane are completely insane and believe all untrue thing
A B EESE DE IVENG R EeT el g And all parties involved have perfect knowledge
of the universe, but whether they are correct or incorrect about it depends on their sanity.

Problem: You meet a native and a sane or insane person named Thomas. The native asks Thomas,
"Do you believe I am the type who could ask you whether you are insane?"' What can be deduced
about the native, and what can be deduced about Thomas?
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People who are sane are completely sane and believe all

true things, they will always answer honestly and
accurately. People who are insane are completely insane
and believe all untrue things, they will always answer

honestly and inaccurately.
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What Smullyan is saying is that

@ for the sane group, every true proposition is something they
believe to be true and every false proposition is something

they believe to be false.

Vol(e = Bp) A (= — B=yp)]

@ for the insane group, every true proposition is something they
believe to be false, and every false proposition is something

they believe to be true.

Vol(e — B=p) A (mp — Byp)]
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@ for the sane group, every true proposition is something they
believe to be true and every false proposition is something

they believe to be false.

Vol(p — Bp) A (—p — B=p)]

@ for the insane group, every true proposition is something they
believe to be false, and every false proposition is something

they believe to be true.

Vol(e — B=p) A (—p — By)]
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Two modalities: sane belief S and insane belief 7

@ S says that the agent believes sanely in respect of whether
p, that is, if ¢ is true then the agent believes that ¢ is true,
and if ¢ is false then the agent believes that ¢ is false, which
can be symbolized as (¢ — By) A (—p — B—yp);

@ Ty says that the agent believes insanely in respect of whether
p, that is, if ¢ is true then the agent believes that ¢ is false,
and if ¢ is false then the agent believes that ¢ is true, which
can be symbolized as (¢ — B—p) A (—¢p — Byp).
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Two extra modalities: reliable belief R and unreliable
belief U

@ R says that the agent believes reliably in respect of whether
©, that is, if the agent believes that ¢ is true then ¢ is true,
and if the agent believes that ¢ is false then ¢ is false, which

can be formalized as (By — ¢) A (B¢ — —¢);

@ Uy says that the agent believes unreliably in respect of
whether ¢, that is, if the agent believes that ¢ is true then ¢
is false, and if the agent believes that ¢ is false then ¢ is true,

which can be formalized as (By — —p) A (B—p — ¢).
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o HMIF NGRS (sane belief): FR o BB IMES, WR o N
H, BaFEMEeRrE, HEWRE o A, B F4H
SEAMR CHESLHONFEERMAED

o MNHLEIME4 (insane belief): %zx o A ANHEIES, WmR
o NH, ﬁfﬁéiﬁﬂ‘ﬁfgﬁjﬂﬁb FHWE o N, o Tk
BB NE (RS A8 EARAE)

o NHE[{E 4 (reliable belief): FR ¢ IETEIEEI'JTH &, R FEE
S ¢ ﬁﬁ, WA E RN, I HWREEE ¢ A,
LR (FEAEMERE S FHT

o NHEEMIME (unreliable belief): #R o AT FHEHIE S,
WERFEAGE o AE, BNk, FHHMREEMEE
HR, BAERE ERMERHEZE LRI .
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L3k b 4

The languages of the logics of sane belief £(S), insane belief
L(Z), reliable belief L(R), unreliable belief L({) are defined

recursively as follows, where p € P:

LS) ¢u=p|-p|leAp]|Sy
LIZ) ¢u=p|-w|lenp|lp
LR) pu=p|-p|loAp|Rep

LU) pu=plplene|[Up
Intuitively, S¢ means that the agent believes sanely in respect
of whether ¢, Z¢p means that the agent believes insanely in respect
of whether ¢, Ry means that the agent believes reliably in respect
of whether ¢, and U means that the agent believes unreliably in

respect of whether .
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M,sEp <~ seV(p)

M,sE —p — M,;sFyp

M,;sEpANY <— M,sEpand M,skE ¢

M,sESyp <— (if M,sE ¢, then R(s) F ¢) and
(if M, s E —p, then R(s) F —p)

M,sETZp <~ (if M,sFE ¢, then R(s) F =) and
(if M, s E —p, then R(s) F ¢)

M,sERp <~ (if R(s) F ¢, then M,sE ¢) and
(if R(s) E —¢, then M, s E —yp)

M,sEUp <~ (if R(s) F ¢, then M,sFE —y) and
(if R(s) E —¢, then M, s E )
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h

(W) pu=pl-p|leAne]| We (Steinsvold, 2011)
(&) wu=p|-@|pAp|ep (Marcos, 2005)
(A) eup|l-p|leNe]| Ap (Montgomery & Routley, 1966)
(O) pu=pl-wlere|Op

W is read “the agent is wrong about ¢", that is, “the agent

Do

L

believes that ¢ but ¢ is false”, ey is read “it is accidentally true that ¢"
(and read “p is an unknown truth” in an epistemic setting), Ay is read
“it is noncontingent that " (and read “the agent knows whether " in
an epistemic setting and “the agent is opinionated as to whether ¢" in a
doxastic setting), and Oy is read “it is necessary that " (and read “the
agent believes that (" in a doxastic setting and “the agent knows that

" in an eplstemlc setting).

A

jiefan@ucas.ac.cn KUK {2451 7E Logics of (In)sane and (Un)reliable belie


mailto:jiefan@ucas.ac.cn
jiefan@ucas.ac.cn

ke

M;sEWp < R(s)Fpand M,sE ¢
M,sEep < M,skEgpandR(s)¥ ¢
M;sEAp << R(s)FporR(s)F-p
M;sEOp <= R(s)Fe.
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Let £1 and £> be two logical languages that are interpreted
on the same class M of models,

o L5 is at least as expressive as L1, notation: L1 < Ly, if for
every formula ;1 € L7 there is a formula @, € L5 such that
for all M in M and all s in M we have M, s FE ¢ iff
M,sE ;.

@ L1 and L, are equally expressive, notation: L1 = Lo, if
L1 =2 Lrand Ly <X L.

@ L is less expressive than Ly, notation: L1 < Loy, if L1 =X L7
and £y A L1.

e L1 and Ly are incomparable (in expressivity), notation:
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Proposition

On any class of models, L(R) and L(W) are equally expressive.

FRe <+ - WpA-W=pand E Wy < —Re A . L

Proposition

Over any class of models, L(Z) and L(W) are equally expressive.
Consequently, L(Z) and L(R) are equally expressive.

FWep o ZoA-pand EZp < (o = W=p) A (- = W), O
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Proposition
On any class of models, L(U) and L(e) are equally expressive. As
a result, L(U) and L(S) are equally expressive on any class of

models.

FUp < (p— op) A(—p — o) and E ep > Up A . ]

L(U) is less expressive than L(O) and incomparable to L(A) over

the class of nonreflexive models, but equally expressive as L£(O)

and L(A) over the class of reflexive models.
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Proposition
L(R) < £(O) on the class of d-models, t-models, b-models, 4-models,
5-models. Therefore, L(Z) and L(W) are both less expressive than L£(O)

on the class of any such models.

Proof.
FRe < (Op — ) A (O-p — =p).

M : S:p<—>t:—p M s':p

O
Corollary

L(U) A L(R) and L(A) £ L(R) on the class of d-models, t-models,
b-models, 4-models, 5-models.

N,

A PR
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Proposition
L(R) A L(U) on the class of b-models, 4-models, 5-models.

Proposition
L(R) £ L(A) on the class of b-models, 4-models, 5-models.
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Proposition
L(R) A L(A) on the class of d-models.
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L(R) and L(U) are incomparable on the class of d-models, b-models,
4-models, 5-models. Consequently, L(Z) (L(W)) and L(S) (L(e)) are

incomparable on any class of models containing any of these classes as a

subclass.

L(R) and L(A) are incomparable on the class of d-models, b-models,
4-models, 5-models. Consequently, L(Z) and L(W) are both

incomparable to L(A) on any class of models containing any of these
classes as a subclass.

iefan@ucas.ac.cn KT
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E LD N A AN ES

L(S) = L(U) = L(o)

L(I) = L(R) = L(W) < L(D)

L(R) <t L(U) = L(A) =, L(O)

L(R) =5 LU), £(R) =¢ L(B), L) =5 L(A)
LU) <¢ £(B)

The equal expressivity results also indicate that some known
logics in the literature can be translated into a non-contingency
logic, that is, a logic which has the validity Op < O—- for the
primitive O in that language.
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Given our talk of four kinds of belief operators (sane/insane

belief, reliable/unreliable belief), it is natural to ask what are the

relationships among them.
It turns out that there is an interesting property: under the
assumption that the agent’ s beliefs are consistent, the four

operators constitute a square of opposition.
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M;sESp <<= (if M,sE ¢, then R(s) F ¢) and

(if M,s E —p, then R(s) E =)
M;sEZp < (if M,sE ¢, then R(s) F —¢) and

(if M, s E —p, then R(s) E ¢)
M,;sERy <<= (if R(s) F ¢, then M,sFE ¢) and
(if R(s) E =, then M, s E —¢)
(if R(s) F ¢, then M, sk =) and
(if R(s)

if R(s) F —p, then M, s F @)

M,seElUp <—
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Two operators O and O’ are said to be in the following relations for

a class C of frames:

@ Contrary if CE =(Op A O'p) for all ¢ and C ¥ Op Vv O’¢ for some
©; (that is, they cannot be true together, but they can be false
together)

@ Subcontrary if CE Op Vv O'¢ for all p and CE =(Op A O'p) for
some ¢; (that is, they cannot be false together, but they can be
true together)

@ Contradictory if CE =(Op A O'p) and CE Op Vv O for all ¢;
(that is, they cannot be true together, and they cannot be false
together)

@ in subalternation if CE Op — O'p for all ¢ and CE O'p — Op

for some . (O is called the superaltern and O’ the subaltern)
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Under the assumption that the agent’ s beliefs are consistent,
sane belief and insane belief are contrary: if the agent believes
sanely in respect of whether ¢, then the agent does not believe

insanely in respect of whether ¢, but the converse does not hold.

Proposition

Cqg F (S AZLyp) for all o, but Cqg ¥ Sp V Ly for some .
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Sane belief and unreliable belief are contradictory, i.e. if the
agent believes sanely in respect of whether ¢, then the agent does
not believe unreliably in respect of whether ¢, and vice versa.
Also, reliable belief and insane belief are contradictory, that is, if
the agent believes reliably in respect of whether ¢, then the agent
does not believe insanely in respect of whether ¢, and vice versa.
Note that we do not need to presume the consistency of the

agent’s beliefs.

Proposition

F-(SeAUp) andE S VUp. E~(Rp AZp) and E R V L.
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TRA KR

Under the assumption that the agent’ s beliefs are consistent,
reliable belief and unreliable belief are subcontrary: if the agent
does not believe reliably in respect of whether ¢, then the agent
believes unreliably in respect of whether ¢, but the converse does

not hold.

Proposition

Coy EF RV Up for all p, and Cy ¥ ~(Rep AUp) for some .
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Under the assumption that the agent’ s beliefs are consistent,
sane belief and reliable belief are in subalternation: if the agent
believes sanely in respect of whether ¢, then the agent believes

reliably in respect of whether ¢, but the converse does not hold.

Proposition

Cqg ESp — Ry for all p, and Cy ¥ Ry — S for some .
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Under the assumption that the agent’ s beliefs are consistent,
insane belief and unreliable belief are in subalternation: if the agent
believes insanely in respect of whether ¢, then the agent believes

unreliably in respect of whether ¢, but the converse does not hold.

Proposition

Ca EZp — Up for all p, and Cq ¥ Up — Ty for some .
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152X 2475 BE (belief square of opposition)

Under the assumption that the agent’ s beliefs are consistent,
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152X 2475 BE (belief square of opposition)

Under the assumption that the agent’ s beliefs are consistent,
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If we do not assume that the accessibility relation is serial (i.e
if we permit the inconsistency of beliefs), then only the

contradictory relation holds.

HEMES AEEWES

TR
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L(R) (equi-expressive as £(Z)) and L(U) (equi-expressive as

L(S)) are less expressive than £(O) over various classes of models,
and incomparable to each other over various classes of models. It
is then natural to combine these logics together to increase the
expressivity. In this section, we do this job, and in this way we
obtain a bimodal logic. We choose to combine £(R) and L(U)
together, but we can also combine £(Z) and £(S).

A
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Definition
The language of reliable and unreliable belief, denoted £(R,U), is

defined recursively as follows:

pu=plop|eAe | Re|Up.

Proposition

On any class of models, L(R,U) and L(O) are equally expressive.

L(R,U) < L(O): ERp « (Op = ) A (O-p — =), and
FUp < (Op = =) A (O — p)
L£(O) X L(R,U): FOp + (=R A=) V (-Up A @) O
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The minimal system of L(R,U), denoted RUK, consists of the following

axiom schemas and inference rules, plus PC and MP.

REqu
UTop
RCon
UEqu
UCon
RU

RR
RU
RRU1

RRU?2

R < R

-UT

R(pAY) = RoVoVRY VY

Up - U-p

Up ANY) = Up NV = NV UDY V

R(pAY) = Re Vo VUV
=Y

R A —p — R
o=

—Up N — —UY
=

Ry AU — Ro V @
=P

UPNYY — RV e
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Definition
The canonical model of RUK is a triple M€ = (5¢, R, V°),

where

o We = {s|sis a maximal RUK-consistent set},

e sRet iff Q(s) C t, where
Q(s) = {x | "Rx A—=x) V (-Ux A x) € s},

o V(p)={se S| pes}.

RUK is sound and strongly complete with respect to the class of

all frames.
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If the axioms and rules of the minimal normal modal logic K

of £(O) are simply translated into the bimodal language, the

resulting proof system would be incomplete.
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If the axioms and rules of the minimal normal modal logic K

of £(O) are simply translated into the bimodal language, the
resulting proof system would be incomplete.
K: O(p — %) — (Op — Ov)
RN: -2~ PC, MP
He
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If the axioms and rules of the minimal normal modal logic K

of £(O) are simply translated into the bimodal language, the
resulting proof system would be incomplete.

K: By = ) = (3 = 0)

RN: , PC, MP

With the translation from £(0) into L(R,U) due to
FOp < (-Re A=)V (-Up A ), we obtain a proof system of
L(R,U), where K and RN are replaced by the following axiom and
rule of inference.

[(R(e = ) A= =)V (FU(e = L) Ao = ¥))] =

(=R A —p) v (EW AN)) = (R A=) V (<UD A )]
(ﬂRso A=)V (=Up A p)
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This system is not complete with respect to the given

semantics, because the formula Uy <> Uy (that is, axiom UEqu)
is valid on the given semantics, but it is not provable in the
system. To see the latter, consider an auxiliary semantics in which
all formulas of the form R are interpreted as ¢, and all formulas
of the form Uy are interpreted as —. One may check that the
proof system is sound with respect to the auxiliary semantics, but
the formula is not. Note that the incompleteness result also holds
if all formulas of the form Ry are interpreted as true instead of ¢

(while those of the form Uy continue to be interpreted as —¢p).
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Let RUD = RUK+ R L.

RUD is sound and strongly complete with respect to the class of

serial frames.
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-Ff unification

© Fh unification 1%
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Unifying reliable and unreliable beliefs

o Although L£(R,U) can handle R and U, its minimal
axiomatization is rather complex, in which R and U/ appear

together and interact.
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-Ff unification 7572

Unifying reliable and unreliable beliefs

o Although L£(R,U) can handle R and U, its minimal
axiomatization is rather complex, in which R and U/ appear
together and interact.

@ But there is also something else we might consider doing
which involves both R and U, though not appearing together

in a single language.

A R
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-Ff unification 7572

Unifying reliable and unreliable beliefs

o Although L£(R,U) can handle R and U, its minimal
axiomatization is rather complex, in which R and U/ appear
together and interact.

@ But there is also something else we might consider doing
which involves both R and U, though not appearing together
in a single language.

@ Instead of looking at the interactions between these operators,
we can turn our attention to the resemblances between them.
We thus consider the project of constructing what might be

called a unified treatment of the two operators.
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-Ff unification 7572

Now we unify the operators R and U and obtain a schematic
modality which we denote G. Adding this operator to the language

of propositional logic, we obtain a logic £(G). In symbol,

pu=ploplone| Gy,

where p € P, and G is a schematic symbol in the metalanguage
(like the schematic formula ¢), which can and only can be
instantiated as R or . The resemblances or similarities of R and
U are brought out with the aid of G, as will be indicated in the

semantics and proof systems below.
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-Ff unification 7572

Now we unify the operators R and U and obtain a schematic
modality which we denote G. Adding this operator to the language

of propositional logic, we obtain a logic £(G). In symbol,

pu=ploplone| Gy,

where p € P, and G is a schematic symbol in the metalanguage
(like the schematic formula ¢), which can and only can be
instantiated as R or . The resemblances or similarities of R and
U are brought out with the aid of G, as will be indicated in the
semantics and proof systems below.

Q: What about its semantics?
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Recall that

M,;sERy <= (if R(s)F ¢, then M,sE ¢) and
(if R(s) E —p, then M, s E —p)

M;sEUp << (if R(s) F ¢, then M,s E —¢) and
(if R(s) E =g, then M, s E @)
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Recall that

M,;sERy <= (if R(s)F ¢, then M,sE ¢) and
(if R(s) E —p, then M, s E —p)

M;sEUp << (if R(s) F ¢, then M,s E —¢) and
(if R(s) E =g, then M, s E @)

M,sE Gp <= (if R(s)F ¢, then M,sE (—)"p)
and (if R(s) F =, then M, s E (=)17"p).
where n € {0,1} such that n=0if G=TR, and n =1 if
G = U. Thus we now have two choices for instantiating G

(namely, as R and as i) with a matching pair of instantiations for
(0 and 1).
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-Ff unification 7572

@ Both G and (—)" are schematic symbols, but they are not
independent, in this sense.

@ An instance of a schema involving them as well as the usual
schematic letter o, ¥ etc. for formula is the result of putting
formulas (uniformly) in place of the occurrences of ¢, 1 etc.,
and putting either R or U (again uniformly) in place of G but
specifically taking the nin (=)" as 0 when G is instantiated as
R, and as 1 when G is instantiated as U. (So, we
simultaneously choose the appropriate instantiation in the
object language of the schematic symbols G and n, rather

than just interpreting them independently, as we do for, say ¢
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Definition

The minimal logic GK consists of the following axiom schemas and inference

rules, plus PC and MP (where again, n=0if G=TR, and n=1if G =U):
GT GT — (—)"T
GEqu Gy < G-y

GCon  G(pAY) = GV (2)"pV GY V(=)
RG ® =P
GO A (7)) = Go V (7)"p

@ We can see that GK is indeed simpler than RUK, at least now we do not
have the interaction axiom RU and interaction rules RRU1 and RRU2.
@ It is not hard to find the minimal axiomatizations of £L(R) and L£(U/) from

the proof system GK, by instantiating G as R (thus n as 0) and as U
(thus n as 1), respectively.

[Soundness] GK is sound with respect to the class of all-frames.
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Completeness of GK

The canonical model for GK is a triple M¢ = (S¢, R, V), where
@ 5S¢ ={s| s is a maximal GK-consistent set},
o sRet iff n(s) C t, where n(s) = {x | =Gx A (=)}""x € s}
(where again, n=0if G=R,and n=1if G =U),
o Vé(p)={se S| pes}.

GK is sound and strongly complete with respect to the class of all

frames.
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Serial logic

Denote GD = GK + GD, where GD is (=)!""1 — G 1, and
againn=0if G=Rand n=1if G=U. It is not hard to show
that GD is interderivable with the following rule, denoted RGD:

x — L
G A (=) — L

Thus we will use GD and RGD interchangeably.

GD /s sound and strongly complete with respect to the class of

serial frames.
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Unifying sane and insane beliefs

@ We now extend the line of research in the previous section to
unify sane and insane beliefs.

@ In detail, we introduce a schematic modality G and add it to
the language of propositional logic to obtain a logic £(G),

@ In symbol,

pu=ploplene|Ge,

where p € P, and G is a schematic symbol in the
metalanguage (like the schematic formula ¢), which can and

only can be instantiated as S or 7.
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Recall that

M,sESp <<= (if M,sk ¢, then R(s) F ¢) and
(if M,s E —p, then R(s) E =)

M;sEZp <= (if M,sFE ¢, then R(s) F =) and
(if M, s E —p, then R(s) F ¢)
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Recall that

M,sESp <<= (if M,sk ¢, then R(s) F ¢) and
(if M,s E —p, then R(s) E =)

M;sEZp <= (if M,sFE ¢, then R(s) F =) and
(if M, s E —p, then R(s) F ¢)

Semantically, G is interpreted as follows.
M;sEGp < (if M,sE (—)"p, then R(s) E ¢)
and (if M,sF (=) "p, then R(s) E =),

where n € {0,1} such that n=0ifG=S,and n=1ifG=17.
Thus we now have two choices for instantiating G (namely, as S

and as Z) with a matching pair of instantiations for n (0 and.1).
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@ Similar to the previous section, here both G and (—)" are schematic

symbols, but they are not independent, in this sense.

@ An instance of a schema involving them as well as the usual
schematic letter ¢, 9 etc. for formula is the result of putting
formulas (uniformly) in place of the occurrences of ¢, ¥ etc., and
putting either S or Z (again uniformly) in place of G but specifically
taking the nin (=)" as 0 when G is instantiated as S, and as 1
when G is instantiated as Z. (So, we simultaneously choose the
appropriate instantiation in the object language of the schematic
symbols G and n, rather than just interpreting them independently,

as we do for, say ¢ and .)
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Definition

The minimal logic GK consists of the following axiom schemas and
inference rules, plus PC and MP (where again, n=0if G =&, and
n=1ifG=1I):

GT (9)"T =GT

GEqu Gy < Gmp

GCon G A (=)0 AGY A (=) — G(p A D)
RG Y=

G A (2)") — G V (m)1~"p

[Soundness] GK is sound with respect to the class of all frames.
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Definition
The canonical model of GK is a triple M = (5°, RS, V), where
@ 5S¢ ={s| s is a maximal GK-consistent set},
o sRet iff u(s) C t, where pu(s) = {¢ | G A (=)™ € s} (where
again, n=0ifG=S,and n=1if G =17),
o Vé(p)={se S| pes}.

Theorem

GK is sound and strongly complete with respect to the class of all

frames.
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Serial logic

Let GD denote GK + GD, where GD is G1. — (=)1=" L (where
again, n=0ifG=S8,and n=1if G =7). It should be
straightforward to see that gD is interderivable with the following

rule, denoted RGD:
P — L

G A (=)"p — L.

Therefore we will use them interchangeably.

gD is sound and strongly complete with respect to the class of

serial frames.
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Conclusion

Q U EEm K

© 5k LR R RILTILL
© XTUREE IR FR: X275

Q Eamdls

© b unification 771k
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Future work

@ Extend the strategy to unify all of the four novel modalities; in other
words, to unify G and G. Recall that the semantics of G and G are as
follows:

M,sE Gy <= (if R(s)F ¢, then M,sE (=)"p)
and (if R(s) E —p, then M, sk (=)'""y),
M,sEGp <<= (if M,skE ()", then R(s) F ¢)
and (if M, sk (=)'""p, then R(s) E —p),
where in the definition of G, n=0if G =R, and n=1if G =U, in the
definition of G, n=0if G =S, and n=1if G=7Z. Also, F Sp < -Uyp
and E Ry <> —Zy. This leads to the non-triviality of the unification
work, since the semantics of G and G seems hard to be unified.

@ Apply the strategy to unify other operators, e.g. contingency and

accident operators.
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Logics of (In)sane and (Un)reliable Beliefs
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Humanities, University of Chinese Academy of Sciences, Beijing 100049, China.

Abstract

Inspired by an interesting quotation from the literature, we propose four modalities, called ‘sane belief’, ‘insane belicf,
‘reliable belief’ and ‘unreliable belicf’, and introduce logics with each operator as the modal primitive. We show that the
four itute a square of ition, which indicates some interesting relationships among them. We compare
the relative expressivity of these logics and other related logics, including a logic of false beliefs from the literature. The
four main logics are all less expressive than the standard modal logic over various model classes, and the logics of sane and
insane beliefs are, respectively, equally expressive as the logics of and reliable beliefs on any class of models. The
logics of reliable and unreliable beliefs are then combined into a bimodal logic, which turns out to be equally expressive as
the standard modal logic. Despite this, we cannot obtain a complete axiomatization of the minimal bimodal logic, by simply
translating the axioms and rules of the minimal modal logic K into the bimodal language. We then introduce a schematic
modality which unifies reliable and unreliable beliefs and axiomatize it over the class of all frames and also the class of serial
frames. This line of research is finally extended to unify sane and insane beliefs and some axiomatizations are given.
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Thank you for your attention!
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